Abstract. This paper treats the quasilinear evolution equations governing the planar motions of incompressible rods. Since incompressibility is here a 2-dimensional phenomenon, a thickness variable enters the governing equations in an essential and novel way. These equations have a mathematical structure strikingly different from that for compressible rods. In contrast to the case for compressible rods, the governing equations admit a priori upper and lower bounds on the stretches without the viscosity becoming singular when these stretches reach their extremes.
1. Introduction. We study the quasilinear evolution equations governing the planar motion of incompressible rods. Such rods could consist of rubber or muscle, both of which are effectively incompressible, the latter because it consists mostly of water. We permit a very general class of constitutive functions for these rods that have the property that they consist of an elastic part characterized by a storedenergy function and a dissipative part. These equations have a mathematical structure strikingly different from that for compressible rods. We show that, unlike for the case for compressible rods, we can get a priori upper and lower bounds on the stretches without requiring that the viscosity become singular when these stretches reach their extremes. A curiosity of the approach used here is that the thickness coordinate, whose appearance is usually hidden in the theory of compressible rods, plays a pervasive role. For simplicity of exposition, we limit our attention to naturally straight uniform rods.
Notation. We employ Gibbs notation for vectors and tensors: Vectors, which are elements of Euclidean 3-space E 3 , and vector-valued functions are denoted by lowercase, italic, bold-face symbols. The dot product and cross product of (vectors) u and v are denoted u · v and u × v . The value of tensor A at vector v is denoted A · v (in place of the more usual Av ).
The (Gâteaux) differential of the function u → f (u) at v in the direction h is d dt f (v + th) t=0 . When it is linear in h, we denote this differential by ∂f ∂u (v ) · h or f u (v ) · h. We occasionally denote the function u → f (u) by f (·). The partial derivative of a function f with respect to a scalar argument t is denoted by either f t or ∂ t f . The operator ∂ t is assumed to apply only to the term immediately following it. We shall always use notation like ∂ t for a total derivative, i.e., a derivative of a composite function. Obvious analogs of these notations will also be used.
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We let c and C denote typical positive constants that are supplied as data or that can be estimated in terms of data. Their meanings usually change with each appearance (even in the same equation or inequality. C may be regarded as increasing and c as decreasing with each appearance). Similarly, t → γ(t) and t → Γ (t) denote typical positive-valued continuous functions depending on the data. Tacit in the statement of an inequality of the form u ≤ C is an assertion that there exists a positive number C such that this estimate holds.
We shall use without comment the Cauchy-Bunyakovskiȋ-Schwarz inequality, the Hölder inequality, and the elementary inequality 2|ab| ≤ ca 2 + b 2 /c for real a, b and for positive c. We may use the convention just discussed to write this last inequality as 2|ab| ≤ ca 2 + Cb 2 .
2. Formulation of the Governing Equations. Since the notion of incompressibility (in contrast to inextensibility) requires more than one dimension to make sense, we eschew an intrinsically 1-dimensional formulation of rod theory, and derive the governing equations from the 3-dimensional theory by the imposition of suitable constraints.
Kinematics of deformation.
Let {i , j , k } be a right-handed orthonormal basis for Euclidean 3-space. Let h be a small positive number. For simplicity of exposition, we take the reference configuration of a planar rod-like body to be the infinite prism B × (−∞, ∞) where B is the rectangle
The material line x → xi in B is the axis. We denote the position of material point xi + yj of B at time t, constrained to lie in span {i , j }, by p(x, y, t). We can construct a couple of attractive planar rod theories by constraining the position field to have the form
where r , b ∈ span {i , j }, |b| = 1, and β(x, 0, t) = 0. For the theory of incompressible rods to be treated here, we shall choose β to depend on r , b so as to ensure that p preserve areas. Then each configuration of the body B, henceforth referred to as a rod, is determined by {r , b}. Note that r (·, t) gives the configuration of the axis. We assume that in the reference configuration, βb = yj . Thus, in general, βb gives the configuration of the cross section x of B.
Implicit in (2.2) is the constraint that "plane" sections remain plane. One can construct theories of incompressible rods in which the sections have any number of degrees of freedom. It is shown by Antman & Schuricht [4] that most of these theories that exactly preserve area are nonlocal.
In the literature on rods and shells one can find a discussion of the "paradox" that the tractions generated by (2.2) on the faces y = ±h are incorrect. The resolution of this paradox in [3, 13] consists in the observation that the constraint (2.2) must be maintained by Lagrange-multiplier stresses, whose presence ensures that the traction boundary conditions are identically satisfied.
It can also be shown [1] that under very mild conditions, a sequence of solutions of initialboundary-value problems for theories with increasing numbers of degrees of freedom converges weakly to the solution of the 3-dimensional problem when the solution can be shown to exist by standard methods.
We define the vector a(x, t) so that {a(x, t), b(x, t), k } form a right-handed orthonormal system for each x, t, and we define θ(x, t) to be the angle between a(x, t) and i . Before treating incompressible rods, it is illuminating to describe two closely related theories for compressible rods. The richer of the two is obtained by taking
where ω is a fundamental unknown of the problem. In this case, the rod can suffer flexure, shear, and longitudinal and transverse extension, with the transverse extension accounted for by ω. The transverse extension can be disregarded by constraining ω = 1, in which case (2.5) reduces to β(x, y, t) = y. The requirement that the local ratio of deformed to reference area be positive (so that orientation be preserved) for deformations of the form (2.2) is that the Jacobian j of (2.2) be positive:
When (2.5) holds, this condition reduces to
For fixed ω, the strains (ν, µ) satisfying this inequality lie in a convex set.
The requirement that p of (2.2) preserve areas becomes
Since β must vanish when y = 0, we integrate this equation from 0 to y to obtain
, which is independent of µ, has been traditionally used to characterize incompressibility. It has the defect that it does not penalize extreme bending.) The substitution of (2.11) into (2.2) yields our constrained representation of the position field for an incompressible rod:
(2.14)
We let x correspond to index 1 and y to index 2. Then the components of the right Cauchy-Green deformation tensor C are
The trace of C is thus
(Of course, C 11 C 22 − C 12 2 = 1, becauseβ was constructed to ensure this.) Note that C 12 , which accounts for shear, contains contributions besides that of η, which accounts for shear at the axis.
The requirement that C 22 be finite is equivalent to the requirement thatδ be positive. Since the minimum ofδ as a function of y must occur at y = ±h, the set whereδ > 0 is given by ν > 2h|µ| . (2.17) This condition defines the domain V of the constitutive functions, just as (2.7) defines that for compressible rods. In contrast to the admissible strains for a compressible rod when ω = 1, which satisfy (2.7), V is not convex.
Constitutive equations. We shall tacitly generate our constitutive equations from those of the 2-dimensional theory. In this case the active (or extra) first PiolaKirchhoff stress T , which is the part of the stress that is specified constitutively and that complements the Lagrange-multiplier stress Λ, has the form T = F ·S (in Gibbsian notation) where F = p x i +p y j and where S is a symmetric tensor depending on the past history
, and possibly depending on Λ t ; see [3] ). In particular, for a viscoelastic material of strain-rate type, S depends on C , C t (and Λ, Λ t ). We assume that there is a stored-energy function C → Φ(C ) (necessarily independent of Λ) and an inelastic part (
of the active stress so that
where Ψ (F ) := Φ(F * · F ) and where
We shall require that T D be dissipative. For simplicity of exposition we are assuming that the material is homogeneous, so that Φ and S D do not depend explicitly on (x, y).
Boundary conditions. To be specific, we assume that the end s = 0 of the rod is welded to a line along the j -axis, so that the position of each material point (0, y) of the end x = 0 is prescribed by
Set y = 0 in (2.19) to deduce that
(2.23) By first setting y = 0 in (2.23), we obtain
(2.24)
We take compatible initial conditions prescribing p(x, y, 0), p t (x, y, 0) by simply prescribing r (x, 0), θ(x, 0), r t (x, 0), θ t (x, 0) compatibly. We assume that the rest of the boundary is traction-free.
Dynamics.
The governing partial differential equations of motion, which are quite complicated, are derived from the Principle of Virtual Power by [4] . These quasilinear equations involve, e.g., fourth derivatives of r and θ with respect to x. Such higher-order derivatives appear because (2.2) with the appropriateβ explicitly handles all the constraints, so that Lagrange multipliers do not appear. Had we formulated the problem with Lagrange multipliers, and then eliminated them, we would thereby introduce the higher-order derivatives. Since we shall not directly employ these equations, only using an energy estimate coming from the 2-dimensional theory, we do not pause to exhibit them.
3. The bound on the stored energy. From our formulas for C ij we deduce that the stored-energy function Φ for the 2-dimensional body depends onδ, which must be everywhere positive, and on
For an isotropic material, this energy depends only on the trace of C : 1
The kinetic energy K per unit mass is given by
3)
The stress power of the dissipative stress is
We assume that this stress power (as a function of the past history of strains) is bounded below: It immediately yields the energy estimate
For more general boundary conditions, the end loads may do work [6] . In this case, under moderately favorable circumstances, (3.7) holds with the constant C replaced by the function Γ . We make this replacement in the sequel. In the treatment of compressible rods (see [7] , e.g.,) a combination of an energy bound like (3.7) with an assumption that Φ approach ∞ as ν − hω|µ| 0 merely ensures that (2.7) holds a.e. To ensure that an inequality like (2.7) for viscoelastic rods (of strain-rate type) hold uniformly on any finite time interval, it was found necessary [7] to assume that the viscosity becomes infinite when this inequality approaches violation. Other ways of regularizing such equations would be to incorporate suitable strain-gradient effects. What we are doing here is generating such effects naturally from incompressibility.
One of the main themes of this paper is that we can use this energy bound subject only to certain growth conditions to show that ν and δ have positive lower bounds, and that ν, δ, and |µ| are bounded above. Thus, we do not have to invoke any singular behavior of the viscosity to control these variables.
We shall see that an elastic energy bound is incapable of yielding a pointwise bound on η. Indeed, in the absence of any regularizing mechanism, a pure shearing motion yields a quasilinear wave equation for the shear displacement, which we know sustains shocks. Thus to get a pointwise bound on η, we must introduce some auxiliary restriction like Dafermos's condition [8] or some viscosity as in [5] . (Of course, we avoid this issue entirely if η is constrained to be 0.) These conditions are standard in the sense that they involve no singular behavior in the strain.
Let p, q, r ≥ 1. In light of (2.15) and (2.16), we assume that the stored energy Φ has a lower bound of the form:
where κ > 0, L ≥ 0. For an isotropic material it is appropriate to take p = q = r. Since K and the stress power are bounded below, the energy estimate (3.7) implies that
We assert that we can use the specific form ofβ to uncouple the terms ∂ xβ and η in (3.9) and deduce from it that
Of course, (3.10) is an immediate consequence of (3.9) when η is pointwise bounded. We shall seek solutions satisfying (3.10) below. To show that (3.9) implies (3.10), we prove a little lemma that I was unable to find in the literature. y, α), . . . , f n (y, α) α) are independent for each α, then there exists a c > 0 depending on f but not on α such that
(In particular, α may be related to u).
A substantial generalization of this lemma, of potential use elsewhere, but not needed here, is given in Section 6.
Proof. If u = 0, then (3.12) clearly holds. Otherwise, we set v := u/|u| p , and observe that the function (v, α) → Ω |v · f (y, α)| p dy is continuous on {v : |v| p = 1} × A and therefore has a minimum there. We now show that this minimum is a positive number c : For any given (v, α) with |v| p = 1, there is a set of y of positive measure such that v ·f (y, α) = 0 for y in this set, for if not, then v ·f (y, α) = 0 a.e., implying the contradiction that the f k (·, α) are dependent. Thus Ω |v ·f (y, α)| p dy is positive on {v : |v| p = 1} × A, so that it has a positive minimum c on it. Thus (3.12) holds.
Proof of (3.10). We take u · f (y) to be (the rightmost sum in) (3.1), identifying
where δ * := ν 2 − 2h|µ|, take Ω = [−h, h], and take
where α := µ(x)/ν(x) 2 is confined to the interval [−1/2h, 1/2h]. Thus Lemma 3.11 enables us to complement (3.10) with
To get the bound on the integral of |∂ xβ | p in (3.10), we deduce from the convexity of ϕ(u) := |u| p that ϕ(
4. Pointwise bounds on the strains. Lower bound for ν. The Fundamental Theorem of Calculus and (2.24) imply that
Our first estimate employs the weakest reasonable growth conditions for elastic response: p = q = r = 1. Then the energy estimate (3.10) yields
We now get a useful lower bound for the left-hand side of (4.3). To be specific, let us assume that µ(x, t) ≥ 0. Then
Thus ν has a positive lower bound:
We could sharpen this estimate slightly, i.e., get a lower bound twice as large as that given in this last estimate, by evaluating the left-hand side of (4.4) explicitly.
Upper bounds for ν and µ. The derivation of upper bounds for ν and µ surprisingly requires stronger hypotheses and a more complicated analysis than the derivation of the lower bound for ν. Let p > 1, let α > 0, and set 
We operate on this inequality with
|y|dy, note that (2.11) implies that 8) and use the energy estimate (3.10) to get
(4.9) We shall get useful lower bounds for the left-hand side of (4.9). We first seek upper bounds on the right-hand side of (4.9) . From the energy estimate we have control of the double integral of δ q , but we need control of the double integral of (ν + δ) q , and this means that we need to control the double integral of ν q , which reduces to the control of the x-integral of ν q . The energy estimate implies that
Suppose at first, for simplicity, that q ≥ 2 (as it must for isotropic rods). Then this last inequality would hold for q = 2 and would therefore immediately imply that
It would then follow from (3.10) that all the terms on the right-hand side of (4.9) are bounded, and we would reduce (4.9) to
Now consider an arbitrary q > 1. Then we explicitly integrate the left-hand side of (4.10) to get
To see what is happening, we could use the Binomial Theorem when ν 2 > 2h|µ|: The left-hand side of (4.13) behaves like
This suggests the desideratum that the right-hand side of this expression is bounded.
To prove this, we let ϕ(u) :
Thus the left-hand side of (4.13) exceeds
We conclude that (4.12) always holds.
Since the left-hand side of (4.9) exceeds h 2 ν α , it follows that ν has a pointwise upper bound:
Since the domain of our constitutive functions is a subset of whereδ ≥ 0, this inequality implies that |µ| is also bounded above:
(The left-hand side of (4.9) can be integrated explicitly, but it is a tricky exercise to deduce these bounds from the integral.)
Lower bound on the thickness. The thickness of the rod at section x is
(4.19) Our upper bounds on ν and µ imply that this thickness is bounded below by a positive-valued function of time.
Lower bound on δ. From (4.8) we obtain
The Fundamental Theorem of Calculus implies that
Let us assume that
Since ν + δ is bounded above, the Hölder inequality and (3.10) imply that
(4.23)
We have to control the last integral. The difficulty we face is that as a consequence of our formula forβ, in all our formulas in which ν x appears, it appears in the sum ν x + δ x . We cut the connection between these terms by exploiting the fact that ν x is independent of y.
We multiply this equation by y 2 δ to obtain
Note that our bounds on ν and µ ensure that the ν x given here satisfies
7. Comments. Had we allowed both ends of the rod to be free, say, then the bounds obtained here would have been more difficult to obtain (in the spirit of the Poincaré inequality), but just as sharp. We could have obtained analogous estimates for a curved nonuniform rod. The bounds we obtained would play a critical role in any full-scale existence theory for the partial differential equations. An interesting question here would be to determine how useful (3.8) is when the exponents p, q, r are not strong enough to give the best bounds we have obtained above.
Saxton [14] developed an existence theory for purely longitudinal motions of a straight rod. He actually treated a degenerate problem in which the energy does not depend on ν x , the absence of which made his analysis much harder. There have been several interesting studies of travelling waves for such motions; see, e.g., [9] , [15] , and the references cited therein.
In much modern work on the analysis of problems of solid mechanics, in particular, in problems with coexistent phases [11] and some problems with shocks [12] , the governing equations are regularized by introducing a partial differential operator fourth-order in space, typically one with constant coefficients, like the biharmonic. During the last fifty years there has been an immense effort to determine constitutive restrictions for simple materials, e.g., nonlinearly elastic materials, that are both physically natural and mathematically useful. By appending a higher-order regularizing differential operator to an equation of continuum mechanics, we are effectively replacing a simple material with a nonsimple material, i.e., a material with strain-gradient effects. But for such a material there is scant physical or mathematical theory upon which to restrict the material response. By choosing a biharmonic, one avoids even considering this issue. On the other hand, in the theory treated here, strain-gradient effects arise in a completely natural and automatic way.
Some preliminary results for the problem of purely longitudinal motions of incompressible rods were given in [2] .
